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ABSTRACT: The general validity of the first-order fluid model is considered. Conditions
are established for which a first-order fluid represents an acceptable approximation to
the integral viscoelastic fluid from which it was derived as a Taylor series approxima-
tion. The results are applied to two flow problems: generation of flow by the application
of a pressure gradient and the growth or dissolution of bubbles in viscoelastic liquids.
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INTRODUCTION

In general, the flow behavior of polymer melts
and solutions can best be described by using dif-
ferential or integral nonlinear viscoelastic consti-
tutive equations.1 It is sometimes useful, how-
ever, to use a simpler rheological model to gain
some insight into the importance of elastic effects
and of nonlinear viscous effects on the flow behav-
ior of non-Newtonian fluids. An example of a sim-
pler rheological model is the retarded motion ex-
pansion, which is thought to be valid for suffi-
ciently small velocity gradients. Bird et al.1 have
noted that in general, retarded motion expan-
sions are valid in the limit of a small Deborah
number.

A special constitutive equation based on a spe-
cial type of retarded motion expansion is the first-
order fluid.2 The first-order fluid represents the
first-order term of a Taylor series expansion for
linear integral viscoelastic fluids for the special
case of unsteady flows of fluids that were at rest
for time t , 0. The objective of this article is to
determine the general validity of this type of un-
steady Taylor series expansion. In particular,

conditions are established for which the first-or-
der fluid represents an acceptable approximation
to the integral viscoelastic fluid from which it was
derived as a Taylor series approximation. The
theory is developed in the next section, and the
results are applied to two flow problems in the
third section.

THEORY

As an example of a typical viscoelastic fluid, we
consider the constitutive equation for finite linear
viscoelasticity, which is the simplest integral con-
stitutive equation that can be derived from simple
fluid theory. For an incompressible fluid, the ex-
tra stress S is given by the expression

S 5 E
0

`

m# ~s!@Ct~t 2 s! 2 I# ds (1)

where

m# ~s! 5
dG~s!

ds (2)

Here t is the present time, s is the backward
running time, I is the identity or unit tensor, G(t)
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is the shear-stress relaxation modulus of linear
viscoelasticity, and Ct(t 2 s) is the right Cauchy–
Green tensor relative to time t. Also, Ct(t 2 s) can
be expressed in terms of a Taylor series of the
form

Ct~t 2 s! 5 I 2 sA1 1
s2

2 A2 2 · · · (3)

In this expression, An is the nth Rivlin–Ericksen
tensor evaluated at time t. Eqs. (1)–(3) can be
used to derive a modified form of the constitutive
equation for the integral viscoelastic fluid and
also to derive the constitutive equation for the
first-order fluid.

We now consider unsteady flows for which the
fluid is at rest up to zero time. For convenience,
we use the following expression for the relaxation
modulus:

G~s! 5 ale2s/l (4)

Here a and l are constants for a given material,
and l is a characteristic relaxation time for the
fluid. Integration by parts and introduction of eq.
(3) produce the following expression for the inte-
gral viscoelastic fluid:

S 5 E
0

t

G~s!@A1 2 sA2 1 · · ·# ds (5)

The first-order fluid represents the first-order
term of the foregoing expansion:

S 5 E
0

t

G~s!A1 ds (6)

These equations can be combined with eq. (4) and
put into dimensionless form using the following
dimensionless variables:

t* 5
t
l

(7)

s* 5
s
l

(8)

A*n 5 t0
nAn (9)

S* 5
St0

h0
(10)

Here t0 is the characteristic time for the deforma-
tion process for the fluid, and h0 is the fluid vis-
cosity at zero shear rate. The dimensionless forms
of eqs. (5) and (6) are simply

S* 5 E
0

t*

e2s*FA*1 2 s*NDA*2 1
s*2ND

2

2! A*3

2
s*3ND

3

3! A*4 1 · · ·G ds* (11)

S* 5 E
0

t*

e2s*A*1 ds* (12)

where ND is the Deborah number for the partic-
ular deformation process and for the particular
fluid of interest:

ND 5
characteristic time of fluid

characteristic time of process 5
l

t0
(13)

It is clear that the dimensionless constitutive
equation for the integral viscoelastic fluid [eq.
(11)] reduces to the constitutive equation for the
first-order fluid [eq. (12)] as ND 3 0. Hence, the
first-order fluid is clearly valid for low values of
ND, and this is consistent with the analysis of
Bird et al.1 In addition, however, it is evident
from eqs. (11) and (12) that the integral viscoelas-
tic fluid is also approximated well by the first-
order fluid when NDt* 3 0. Consequently, the
first-order fluid not only describes flows at low
values of the Deborah number but also at high
values of the Deborah number if the deformation
field is imposed over a sufficiently small time
interval. Consequently, useful Taylor series ex-
pansions can be derived from integral constitu-
tive equations when

ND3 0 t* . 0 (14)

or when

NDt*3 0 (15)

The first condition states that the Taylor series
expansion is valid for all times if ND is sufficiently
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small. The second condition restricts only the
product of ND and t*, so that rapid deformations
involving very elastic fluids can be described by
an unsteady Taylor series expansion if the time
interval is made sufficiently small.

We now obtain an estimate of the error intro-
duced by using eq. (12) rather than eq. (11) to
describe the unsteady flows of fluids that were at
rest for t , 0. An equation for the variation of this
error with Deborah number (ND) and the time
interval of the deformation (t*) can be derived by
using the following equations to provide reason-
able approximations for the dimensionless Riv-
lin–Ericksen tensors:

A*1 < A*2 < · · · < A*n (16)

Substitution of this approximation into eq. (11)
produces the following simple estimate for the
dimensionless extra stress S* for the integral vis-
coelastic fluid:

S* 5 A*1 E
0

t*

e2s*exp@2NDs*# ds* (17)

Evaluation of the integral in this equation pro-
duces the following estimate for S* for the inte-
gral viscoelastic fluid:

S* 5
A*1

1 1 ND
$1 2 exp@2t*~1 1 ND!#% (18)

The corresponding result for the dimensionless
stress for the first-order fluid can be derived from
eq. (12):

S* 5 A*1@1 2 e2t*# (19)

An estimate of the error introduced in using
the first-order fluid constitutive equation to ana-
lyze a flow field can be calculated by using the
ratio R1 to compare the dimensionless extra
stress coefficients in eqs. (18) and (19):

R1 5

extra stress coefficient for
integral viscoelastic fluid

extra stress coefficient
for first-order fluid

(20)

R1 5
1 2 exp@2t*~1 1 ND!#

~1 1 ND!~1 2 e2t*!
(21)

It is evident from eq. (21) that

R1~t* 5 `! 5
1

1 1 ND
, (22)

so that in the long time limit, the first-order fluid
provides a good approximation (R1 ' 1) to the
integral viscoelastic fluid only when ND is suffi-
ciently small. However, in the early part of the
deformation process, the first-order fluid can pro-
vide reasonable approximations to the stress for
large values of ND if t* is sufficiently small. For
example, a characteristic time t0 is associated
with each unsteady deformation process, and it is
reasonable to expect that the more important as-
pects of the unsteady deformation process occur
in the time interval from t 5 0 to t 5 t0. Hence it
is useful to determine the general validity of the
first-order fluid in the characteristic time period
ranging from t* 5 0 to t* 5 1/ND (or t 5 0 to t
5 t0). A calculation for R1 based on eq. (21) is
illustrated in Figure 1, which presents the depen-
dence of R1 on ND and t*.

It is evident from Figure 1 that for Deborah
numbers ranging from 0 to 1,000, the first-order

Figure 1 Dependence of R1 on time and Deborah
number. Numbers on the curves refer to values of ND.
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constitutive equation provides excellent predic-
tions over 25% of the characteristic time period
(about 10% error), reasonably good predictions for
50% of the characteristic time period (about 20%
error), and generally adequate predictions at the
end of the characteristic time period (about 35%
error). Consequently, it is fair to conclude from
Figure 1 and eq. (21) that the first-order fluid
yields adequate estimates for the extra stress
anywhere in the characteristic time period for all
values of the Deborah number.

RESULTS AND DISCUSSION

We now use the results of the foregoing develop-
ment to examine some characteristics of two im-
portant unsteady flow fields. The first flow field
involves the generation of flow by the application
of a pressure gradient; the second is concerned
with the growth or dissolution of bubbles in vis-
coelastic liquids.

For the first problem, a fluid is at rest between
parallel plates separated by a distance L, and a
pressure gradient is applied at zero time. For this
unsteady flow problem,

t0 5
L2r

h0
(23)

ND 5
lh0

L2r
(24)

where r is the mass density of the fluid. Solutions
for the velocity field for this problem were pre-
sented previously2 for both the integral viscoelas-
tic and first-order fluids. These solutions were
obtained for two values of the Deborah number
(0.3 and 0.5), and in each case, excellent agree-
ment was obtained between the integral vis-
coelastic predictions and those of the first-order
fluid for 25% of the characteristic time period. In
addition, good to adequate predictions were ob-
tained in both cases for the entire characteristic
time period. These results clearly show the gen-
eral validity of the first-order fluid model during
the characteristic time period. Furthermore, ac-
tual calculations for the integral viscoelastic and
first-order fluid models yield error values for early
times that are consistent with the estimated error
derived using eq. (21).

For the second problem, we study the increase
or decrease of the radius of a gas bubble in a

viscoelastic fluid as a function of time. This prob-
lem is complicated by the presence of a moving
boundary and the coupling of rheological and
mass transfer effects. Consequently, the utiliza-
tion of simpler rheological models is particularly
important, especially if analytical results are to
be developed. For this unsteady flow problem

t0 5
R0

2

DuNau
(25)

ND 5
lDuNau

R0
2 (26)

The absolute value sign is needed because the
parameter Na is negative for bubble growth and
positive for bubble dissolution. Here R0 is the
initial radius of a gas bubble, and D is the binary
mutual diffusion coefficient in the liquid polymer.
Also, the dimensionless parameter Na is defined
as

Na 5
r~r1E 2 r10!

r̂0~r 2 r1E!
(27)

where r is the total mass density of the liquid
phase, r10 is the initial solute concentration in the
liquid phase, r̂0 is the initial gas density, and r1E
is the solute concentration corresponding to the
initial pressure. The parameter Na is 0.03 for the
dissolution of oxygen in water and 0.8 for the
dissolution of carbon dioxide in water. Typically,
uNau is on the order of unity or less for bubble–
liquid systems.

The results of Figure 1 suggest that the consti-
tutive equation for a first-order fluid should gen-
erally provide adequate predictions for the stress
when

NDt* % 1 (28)

or, in dimensional form, for bubble growth or dis-
solution when

DtuNau
R0

2 % 1 (29)

Calculations carried out using an inviscid liquid
phase can be used to give a rough indication of the
state of a bubble growth or dissolution process at
the end of the characteristic time period. For the
range 0 , uNau , 1, the bubble has dissolved for
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all values of Na, and for negative values of Na, the
bubble radius has increased by a factor of two to
three at the end of the characteristic time period.
This suggests that the constitutive equation for a
first-order fluid can be used to describe a signifi-
cant fraction of the bubble dissolution process and
a time period for the bubble growth process dur-
ing which significant bubble growth has occurred.
However, the first-order fluid can, of course, be
used to describe only a small part of a bubble
growth process that involves a 200-fold increase
in the bubble radius.3

Even though the first-order fluid cannot be
used to describe a bubble growth process with a
large increase in the bubble radius, the foregoing
analysis does suggest another possibility for de-
termining the radius-time behavior at large val-
ues of ND. For the bubble growth or dissolution
problem, the mass transfer and rheology are cou-
pled through the extra normal stress terms in the
radial component of the equation of motion. If the
extra normal stress terms are only a small frac-
tion of the pressure level in the flow field, then
they can be neglected, and the fluid can essen-
tially be treated as an inviscid fluid. An estimate
of the relative importance of the extra normal
stress terms can be obtained by calculating the
ratio of the dimensionless extra stress coefficient
for the integral viscoelastic fluid to the dimen-
sionless pressure:

R2 5
dimensionless extra stress coefficient

dimensionless pressure (30)

R2 5
NVuNau$1 2 exp@2t*~1 1 ND!#%

1 1 ND
(31)

NV 5
h0D
p0R0

2 (32)

Here p0 is the initial pressure in the liquid and
NV characterizes the importance of viscous effects
in the bubble growth or bubble dissolution pro-
cess. Clearly,

R2~max! 5
NVuNau
1 1 ND

(33)

and the extra normal stress will be small com-
pared to the pressure level when

R2~max! ! 1 (34)

This will happen when NV 3 0 (low viscosity
fluid) and R2(max) is also very small for ND 3 `
(very elastic fluid). Consequently, for bubble
growth or dissolution in a very elastic fluid, the
radius-time behavior can be estimated using an
inviscid analysis, and the various solutions that
are available at the inviscid limit4 can be utilized.

The approach of the radius-time curve for an
elastic fluid to the radius-time curve for an invis-
cid fluid as ND 3 ` is illustrated in Figure 2.
From this figure, it is evident that the predictions
of the viscoelastic DeWitt model3 approach the
inviscid fluid predictions as the Deborah number
ND is increased. Consequently, simple rheological
models can be used to describe bubble growth or
dissolution in elastic liquids for two cases. The
first-order fluid model [eq. (6)] can be used to
provide adequate results when

NDt* % 1 (35)

and the inviscid flow approximation can be used
for all time when

NVuNau
1 1 ND

! 1 (36)

Although of course there will be conditions for
which a more general model must be used, these

Figure 2 Bubble growth for inviscid and DeWitt fluid
models. Curve D is for an inviscid fluid; curves A, B,
and C are for the DeWitt model with ND 5 0, 60.4, and
3360, respectively.
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two simpler approaches will provide very useful
results in many cases.

CONCLUSIONS

In this article we have shown that reasonable
stress approximations for the simplest integral
constitutive equation (finite linear viscoelasticity)
can be calculated by using an unsteady Taylor
series expansion (the first-order fluid) if either eq.
(14) or eq. (28) is satisfied. The first-order fluid
should also provide reasonable stress approxima-
tions to more general integral constitutive equa-
tions for similar restrictions, but the error esti-
mates may be somewhat different. In the present
case, the error estimate is based on the utilization
of eq. (16). This equation should provide a reason-

able approximation for all well-behaved flow
fields and hence for most physically realistic prob-
lems.

This work was supported by funds provided by the Dow
Chemical Company.
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